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1 Introduction

The capacity plays a very important role in the study of the potential theory which becomes an
extensive domain of research rich in ideas and methods applied in our time in mathematics and
physics, particularly in function theory, functional analysis, probability theory, approximation
theory and harmonic analysis.

The theory of capacity and non-linear potential in the classical Lebesgue space LP(£2), was
mainly studied in Maz’ya & Khavin| (1972) and Meyers| (1970). These authors in their previous
works have introduced the concept of capacity and non-linear potential in these spaces and
provided very rich applications in functional analysis, harmonic analysis and in the theory of
partial differential equations.

This notion was generalized to Orlicz spaces by [Aissaoui & Benkirane, (1994), to Musielak-
Orlicz spaces by Hassib et al. (2017) and to the weighted variable exponent Sobolev spaces
by Ismail (2012). Thus, the first goal of this paper we gives and prove some proprieties of the
Cp()w capacity in the setting of the weighted variable exponent Sobolev spaces defined by Ismail
(2012). As an application we generalize the theorem of Browder F.F by Browder F.E. in the
setting of the weighted variable exponent Sobolev space, which extends the previous result of

Brezis & Browder | (1982), and we make an application to an unilateral problem.
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2 Preliminary

2.1 Variable Exponent Lebesgue and Sobolev Spaces.
Let Q be a bounded open subset of RY (N > 2),

C.(Q) = {continuous function p(-):Q — IR suchthat 1<p_ <p(x)<py <N},

where
p— = min{p(z) / x € Q} and p+ = max{p(z) /x € Q}.

We define the variable exponent Lebesgue space for p(-) € C4(2) by
LP@(Q) = {u: Q — IR measurable / / u(z)[P@®) de < oo}
Q

The space LP™) (Q) under the norm

p(z)
lullye) = inf 4 A > 0, / iz <1
Q

is a uniformly convex Banach space, and therefore reflexive. We denote by LY ®)(Q) the

1 1
conjugate space of LP®)(Q) where —— + — =1 (see |Zhao et al| (1997)).
p(z) = p'(z)

Proposition 1. (see|Zhikov (2004), Zhao et al (1997))
If we denote

u(z)

x
A

p(u) = / [ulP@ d Yu e LP@(Q),
Q
then, the following assertions holds
(i) |ullp@ <1 (resp,=1,>1) <= p(u) <1 (resp, =1,>1),
(@) Tl >1 = [l < plw) <l

(i) Nl <1 = [ulh, < p(u) < [l
() |unllp@) — 0 < pluy) =0 and unllp@y = 00 & pluy) — oo

Now, we define the variable exponent Sobolev space by

WiP@)(Q) = {u e LP@(Q) and |Vu| € LP@(Q)),

normed by
lullpa) = lullp@) + 1 Vullpe Yo e WHE(Q).
ou Ou ou
h =(=—; = . s —).
Where Vu (axl’ Oxsy’ 333N)

2.2 The weighted variable exponents Lebesgue and Sobolev spaces.

Let Q be a bounded open subset of RY, N > 2, set

C+(Q) = {p e C(Q) : minp(x) > 1},

e

For all p € Cy(Q), we define p* = supp(z) and p_ = inf p(z).
z€Q zeQ
We say that p(.) is log-Holder continuous in € if

c — 1
- . — Q such that |z —y| < =
Ip(z) —p(y)| < Togle — 1 Va,y € such that |z —y[ < g,
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We denote by P'°9(€) the class of variable exponents which are log-Holder continuous in €.
Let w be a function defined in €2, w is called a weight function in €2 if she is measurable and
strictly positive a.e. in ).
Let p € C,(Q) and w be a weighted function in €. The weighted variable exponents Lebesgue
space Lp(x)(Q,w), consists of all real valued functions such that

u:Q — IR, measurable and / w(a)|[uP®dz < oo
Q

ie
LP@(Q,w) = {u: Q — IR, measurable : / w(z)|[uP®de < oo},
Q

provided with the Luxemburg norm

) u(®) p(a)
@ = : — <
ol o)y = inf {1 > 0 /Qw@c)\ P <1}
LP®)(Q, w) is a reflexive Banach space.

Lemma 1. |Kovacik & Rakonsil{ (1991) For all function u € LP™) (Q,w), we denoted

o) = [ wl@lulds
Q

Then
(1) pow(u) >1 (=1<1) & [lull pygu > 1 (=1;<1), respectively.
(2) If [ull oo @) > 1 then [Jull @) < pow(u) < [lull?,., (©00)°

(i) 1 [0l oy < 1 then (a0 < po() < [ul? 00,

We define the weighted variable exponents Sobolev space by

Whr@) (Q, w) = {u e LP@(Q) : g—u

T

e LP@(Qw),i=1,.., N},
provided with the norme

HUHWLp(w)(Qw ||U”Lp(z>(g) +Z ” HLPM (Qw)

which is equivalent to the Luxemburg norme

N  Ou
. U ox;

ul|| = inf u>0:/<p(‘r)+w$ Rl p(f”)>dx§1 )
[[]l]] { ; |M| ()E!M!

=1

Let w a weight function such that the following conditions:
—1
(w1) W € Ljpe() and w?@ T € Lj,,(2);

(wg) w™*@ e LY(Q,w) with s(z) € (p](\fav)’ 00) N[ !

—————,00).
p(z) —1 )
Remark 1. Kovacik & Rakonsik (1991)
e Let w be a positive measurable and finite function such the condition (w1) holds. Then the
space (Wl’p(’”)(Q,w), ||.||W1,p(z)(Q7w)) is a reflexive Banach space.
o If (wy) holds, then WHP@)(Q, w)is a reflexive Banach space and C°(Q) ¢ WHP)(Q, w).
o The dual of the weighted Sobololev space Wol’p(x)(ﬂ,w) is equivalent to W(;l’p (x)(Q,w*),
where w* = w' '@ gnd p'(z) = ﬂ
p(z) =1
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Remark 2. |Kovacik & Rakonsik (1991) If we set
p%Q POES /Q [ulP® + w(2)|VulPDdz Yu e WHPE (0, w)

We have

p+ 1

- +
€V1,p(z)(97w)7 HUHWLP@)(QM)) < p(Q, w) v )

mzn(HuH I;[;l,p(z)(ﬂ7w)7 ”unl,p(I)(Q7w)

(u) < maz(|lu

Definition 1. | Diening & Hasto | (2008) Let p € C1 (). The class Ay consists of those
weight w for which

1
sup |B|"PE |||yl =] wo) < oo,
BeB Lr0)
. N 1 1 -1
where B denotes the set of balls in R |, pg = (E ﬁ)
BD

Theorem 1. |Ismail (2012) Let p(.) € PP9RN), 1 < p~ < p™ < oo, and w € Apy- Then
C(RYN) is dense in WHPE (RN w).

In the following w is a positive measurable and finite function which satisfies the condition

(w1).

The following Lemma can be proved similarly in Lemma 2.4 of Benkirane et al.| (2013]).

Lemma 2. Let u € Wol’p(m)(Q,w). There existe a sequence uy such that:
(i) un € WoP'™(Q,w) N L),

(ii) supp wuy, is compact,

(i) |uy| < |u| a.e. in Q,

(iv) u, — u in Wol’p(x)(Q,w),

(v) upu>0 ae. in .

2.3 Capacity

Definitions 1. Let T the classe of Borel sets in RY, and a function C : T — [0, 400].
1) Cis called capacity if the following axioms are satisfied:

i) C(0) =0.

i) XCY=CX)<C), forall X and Y in T.

iii) For all sequences (X,,) C T':

cJxn) <D CXn).

2) C'is called outer capacity if for all X € T :
C(X)=inf{C(O): 0D X, O open}.
3) C'is called an interior capacity if for all X € T :
C(X)=sup{C(K): K C X, K compact}.

4) A property, that holds true except perhaps on a set of capacity zero, is said to be true C-
quasi-everywhere, ( abbreviated C-q.e).
5) f and (f,) are real-valued finite functions C-q.e. We say that (f,) converges to f in
C-capacity if:

Ve > 0, nll)l_’I_loo CHz: |folz) = f(z)| >¢€})=0.
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6) fand (f,) are real-valued finite functions C-q.e. We say that (f,) converges to f C-quasi-
uniformly, (abbreviated C-q.u) if :

(Ve>0),3XeT) : C(X)<e and (fn) converges to f uniformly on X°.
Propositions 1. |Ismail (2012) For E C RN, we denote
Sp()w(E) ={u € WhPE(RN w) w1 on an open set containing E}.

The Sobolev (p(.),w)-capacity of E is defined by

Coyo(E) = inf o(u) = inf / u(@)[P® + | Vu(z) PP w(z)dz.
oaB) = 0 ou = it @pe) £ )
In case Sy, (E) = 3, we set Cy(y ,(E) = 00. The Cy) ,-capacity has the following proprieties.

(7) Cp(_)w(@) =0.
(’LZ) XCY = Cp(),w(X) < Cp(-),u(y)7

(iii)  For all sequences X, C RV :

Corw U Xn) €D Cop(Xn). (1)
(iV) For all X C RV :
Cp()w(X) =inf{Cp),(0) : O D X, O open}. (2)
(V) For all X c RY
Cp()w(X) =sup{Cp)(K): K C X, K compact}. (3)

(Vi) If there exists f € WYP@ (RN w) such that f = +oo on E then,
Cp()w(E) =0 (4)

(vii) If (Xy,) is an increasing sequence of sets and X = UX"’ then

n

lim Cp(.),w(Xn) = Cp(.),w(X)' (5)

n—-+o0o

(Viid)If X and Y are subset of RY, then
Cp(.),w(X U Y) + Cp(.),w (X N Y) < Cp(.),w(X) + Cp(.),w(Y)' (6)

Lemma 3. Ismail (2012)
Ifw(x) =21 forall x € RY, then every measurable set X C RN satisfies

where | X| is the lebesque measure of X.
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3 The Main Results

3.1 Some proprieties of the C,)-capacity.

Theorem 2. Let’s consider the following propositions:
i) fn— f in WWPE(RN ).

i) fo —> f in Cpy). — capacity.

i11) There exists a subsequence (fn;) such that : fn, — f,  Cp)w — q-u.
iv) There exists a subsequence (fn;) such that fn, — f, Cpyw — g€
We have i) = ii) = iii) = iv)

Proof. Let show that i) = ii).

By ) we have f and f,, are finite for every n; Cp(,, — g.e.

Let € > 0, we have

fn B f

€

Cow{z o [fn = fl(@) > €}) < prp()wl ).

Since f, — f in W'PE(RYN W), then

(Ve >0): prp)wl

Therefore,

lim Cpyo({x : |fu— fl(z) >e})=0.

n——+oo
Let show that ii) = iii). ' '
Let ¢ >0 3 fp; such that Cpy ,({z : |fa, — fl(z) >277}) <e.277.
We put
Ej={x : |fo, — fl(x) >277} and G, = U E;,

jzm

we have Cy. 2523<5
]>m

On the other hand, '
(Vo € (Gm)°) : |fn, — fl(@) <277, (V) = m).

Thus
fnj — f Cp(-),w —q.u.

Let show that i) = iv).

We have Vj € N,3X; : Cp)(X;) < = and fp, — f on (X;)“

Il S

We put X = ﬂXj, then Cp(),(X) =0 and fn, — f on X“. O

J
Theorem 3. Let w a positive measurable and finite function, such the condition (wy) holds. If
fn, f€ Wl’p(x)(RN,w) such that f, — f weakly in Wl’p(x)(RN,w), then

liminf(f,)(z) < f(z) < lmsup fn(z) Cpyw — g-€
Proof. WHP@(RN w) is reflexive. By the Banach-Saks theorem, there is a subsequence denoted
1
again (f,) such that the sequence; g, = — Z fi converge to f strongly in Wwip() (RN ,w). By
n
i=1

theorem [2| there is a subsequence of (gy,) denoted again (gy) such that

ngglm gn(w) = f(x) Cpyw —q-e.
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On the other hand,
liminf f,(z) < lim gu(x) .

n—-+o0o
Therefore,
liminf fo(2) < f(2)  Cy)w —a-e-
For the second inequality, it suffices to replace f,, by (—f,) in the first inequality. O

Theorem 4. Let p(.) € PP9(RY), 1 <p~ <p™ < o0, and w € Apy-

For each f € Wl’p(w)(RN,w), there is a Cp()-quasicontinuous function g € Wl’p(x)(RN,w)
such that f = g Cp(-g-e. The function g is called a C)) ,-quasicontinuous representative of
the functionf.

Proof. Let f € W'P@(RN ). By theorem [1] there exists a sequence (f,) in C°(RY) such
that f, — f in WhP®) RV, w).

By theorem [2| there exists a subsequence of (f,) denoted again by (f,) such that f, —
[ Cy — q.u, and the proof is complete. O

Theorem 5. Let 1 < p~ < pt < 0o, we have
1) If O is an open set of RN and E C RY such that |E| = 0, then

Cp()w(0) = Cp() (O \ E).
2) uw and v are Cp) ,-quasicontinuous functions in RY, we have
i) if u=wv, almost everywhere in an open set O C RY thenu=v Cp()w—quasieverywhere in O,

i1) if u < v, almost everywhere in an open set O C RN thenu < v Cp()w—quasieverywhere in O.

Proof. 1) Tt obvious that Cp,,(0) = Cp) (O \ E). Let u € Spy,(O\ E) thus u > 1 in an

open containing O \ E. Let the function f define as

{ f()

and by passing to inf we get Cp(),(0) < Cp() (O \ E).
2) Since Cp()w is an outer capacity we get the results by Kilpelainen| (1998). O

Theorem 6. Let w(z) > 1 for x € RN. If (fu)n is a sequence which converge to f in
WLPO(R™, W), then there exists a subsequence of (fn)n which converge to f q.e and a.e.

Proof. If f, —s f in WhP@) (RY,w), then by theoremthere exists a subsequence (f,,) such
that fn, — f, Cpw—q-e

Thus there exists a measurable subset E of R such that fn; — fin B¢ and Cp) (E) = 0.
By Lemmawe have |E| < Cp() o (E), therefore f,, — f a.e. O

Lemma 4. Let Q be a open subset of RN. and T € W' @(Q,w*) N M(Q), where M(S)
denote the set of Radon measures in €.
If X C Q2 is such that Cp( ) ,(X) = 0, then X is |T| -measurable and |T|(X) = 0.

Proof. The same as in |(GRUN-Rehomme| (1977)) and Brezis & Browder | (1982]). O
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3.2 A theorem of H. Brezis and F. Brower type in weighted variable
exponents Sobolev space

Let p(.) € PP9(RY), 1 <p~ <p' <oo,w(z)>1and w e Ap(y-

In this section, we generalize the theorem of H Brezis and F.E. Browder [Brezis & Browder
(1982) in the setting of the weighted variable exponents Sobolev space W) (0, w).

Let Q be a open subset of RY. 1In this section we study the following question: let u €
Wi (Q,w) and T € WP@)(Q,w*) such that T = p + h, where p lies in M (Q) (the
subset of positive Radon measures) and h in Li,.(Q); find sufficient conditions on the data in
order for u to belong L*(Q;dp), for hu to belong to L'(Q) and finally to have:

<T,u >:/ud,u+/hud;1:.
Q Q

This question was solved in Boccardo et al.| (1990) in the case of the classical Sobolev spaces, in
Benkirane & Gossez| (1994) when p = 0 in the case of Orlicz Sobolev spaces, in Benkirane| (1986)
in the case of Orlicz Sobolev spaces and in Hassib et al.| (2017)) in the case of Musielak-Orlicz
Sobolev spaces.

Theorem 7. Let Q be a open subset of RY. Consider u € Wol’p(x) (Quw), u >0 aein Q and
T € W@ (Q,w*) such that T = p+ h, where p lie in MT(Q) (the subset of positive Radon
measures) and h € L} (Q), assume that:

hu > —|®| a.ein Q for some ® in L'(Q). (8)

Then:

hu € LY(Q),u € LY(Q;dp) and < T,u >=/

udu—i—/ hudz. 9)
Q Q

Remark 3. Note that u(X) =0 for all X C Q such that Cp( ) ,(X) = 0.
Indeed by lemma[]]

IT[(X) = |p+ h(X) =0,
but
0 < pu(X) < [A|(X) + |1+ h|(X) =0.

Let prove the theorem

Proof. Let u € W(} p(@) (Q,w), by Lemmathere exists a sequence u,, such that:
() un € WeP™(Q,w) N Lo(Q),

(ii) supp wu, is compact,

(iii) |up| < |ul a.e. in €,

(v) up, — uin Wol’p(z)(Q,w).

(vi) upu>0 ae. in Q.

Following the lines of Boccardo et al.| (1990), it is easy to deduce that

<+ h,yuy >:/

undu-i-/ huy,dx (10)
Q Q

Since u, — u in I/VO1 P (x)(Q, w), by using the theorem@ Lemm and remar we have

Up, — U p.a.e and a.e. in Q. (11)
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We recall that by theorem |5, for any v € I/VO1 P (x)(ﬂ, w) one has
v=20 ae MQAsv>=20 ge in
This equivalence, remark |3 and the fact (v > 0 a.e. in ), imply
up, 20 ae ; u, >0 pae; 0<u,<u ae and 0<u, <u pae in Q. (12)
On the other hand, from hu > —|®| and 0<wu, <u ae. in Q we have

huy, > —|®| a.e.in (13)

Since < p + h,u, > is bounded, 1 )and imply / hu,dx < cst; Similary ) and )
Q

imply [ wupdu < cst.
Q
By using , , and Fatou’s lemma we get hu € L'(Q) and v € L1(Q; dp).
Using 0 < up, <u  peace. in Qand |huy,| < |hu| ae. in €, it is now easy to pass to the limit

in ; we use the convergence of u,, to u in VVO1 P (x)(Q, w) for the left hand side and Lebesgue’s
dominated convergence theorem in each term of the right hand side: we obtain

<T,u >:/ud,u+/hud:c.
Q Q

3.3 Application to unilateral problem

Let p(.) € PP9RN), 1 <p~ < pt < o, w(z) > 1T and w e Ay ).
Consider some right hand side f € W7 (®)(Q, w*) and the set

Ko ={ve Wol’p(x)(Q,w), v = a.ein Q}.

Where the obstacle ® belong to Wol’p(w)(Q,w) N L>°(Q).

The set Kg is convex, indeed let v; and v; in K¢ and A € [0,1], we have v; > ® and
vy = ® a.e in Q then vy + (1 — AN)vy > @ a.e in Q, thus Av; + (1 — N)vy € Kg.

Let a pseudo-monotone mapping S from VVO1 P(@) (Q,w) into Wﬁl’pl(’”)(Q,w*). which satisfies the
following conditions:

(1) S is continuous from each finite-dimensional subspace of VVO1 P (‘r)(Q, w) into W5 @) (Q, w*)
for the weak™ topology.

(2) S maps bounded sets into bounded sets.

(3) S is coercive, i.e that for some vg in K¢ N L>(£2)

< S(v),v —wvg >

— 400 as HUHWl,p(x) — +00. (14)
0

HU‘ ’W&’p(x)(ﬂ,w) (Q’w)

Consider finally a Carathéodory function g : 2 x R — R witch satisfies :
(4) s.g(z,s) 20,VseR and a.e in
(5) hi = supjs<ilg(x, )| € L'(), vt > 0.

Theorem 8. The variational inequality:
u € Kg, g(.,u) € L'(Q), ug(.,u) € L*(Q)

<Su,v—u>+/g(.,u)(u—u)dm> < fiv—u>, Yve KeNL¥Q)
Q

has at least one solution.
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Proof. In the following we denote by C7, Cy and C4, positive constants.
First part Approrimation and a priori istimates.
X@n($)<g(x7)s) if |g($,8)| SN,
g(z,s ,
Xe"(m)n|g(x,s)| Zf |g(CU,S)’ > n,
where g, is the characteristic function of the set ©,, = {x € Q : |z| < n}
By using the proposition 1 of | Gossez & Mustonen (1987) we have the approximate problem

Define g, (x, s) =

Up € K(b,

< Sup, v — Uy > —I—/ gn(up)(v —up)dr = < fyv—u, >, Yv € K N L¥(N) (15)
Q

has at least one solution.
Using v = vy as test function in ((15) we get

< SUp, Uy — vy > —i—/ In (s un)(up —vo)dr < < fiu, —vg > . (16)
Q

If (uy,) is not bonded in I/VO1 P (x)(Q, w) then by the assumptions (3) we have

< S(up), up —vo >

(VA > 0)(3Ing € N)(Vn = n,) : ( > A) (17)

HunHwé»P(w)(Qw)
Let E, = {x € Q : uy(z) > 0}, by |D and 1’ we have for large n : A|]un||W1,p(z)(Q ) +
0 )
/ Gn (o, up ) (U — vo)dx + / n (., Up ) updz
En Q-E,

g /Q_En gn(7 ’U/n)U()dl' + Hf|’W71’p/(I)(97W*)HunHWol’p(m)(Q,w) + "f"Wﬁl’pl(z)(g,w*)HUOHW(}’P(JC)(Q7LU)

Let G, = {z € Q : up(z) = vo(z)} and I = sup(|vol, |P|).
By the assumption (4) and (5) we have

/ Gn (s up) (up — vo)dz > 0,
E'nnGn

/ gn(aun)undw = 0,
EnNGE,

/ gn (-, un)voda </ 1) o0 0 V0L,
EnnGs, @

/ gn(’?un)undx 2 07
Q—FE,

/ In (-, un)vod </ |72 oo 5 V0
Q-E, @

Hun”wolxp(z)(ﬂ) < Cl; Vn 2 no,

Then we get

which is impossible, thus (u,) is bounded in VVO1 P (‘T)(Q).
It follows that there exists a subsequence, again denoted by w, such that

Uy — u, weakly in Wol’p(x)(Q) and a.e. in .
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Thus
gn(z,up (7)) — g(z,u(x)) a.e. in Q.

From we get
/ et (1t — v0)dzz < Co. (18)
Q
We shall prove
|gn('vun)(un - UO)’dx < Cs.

Indeed

[ lontecum)un = wlide = [ ol ) o)~ | onlun)on = )i

GnNES

- /GWEH n (s un) (up — vo)da + / gn (- un) (un —vo)dx

GeNnES

N

/an(.,un)(un — wp)da — 2/ 0 (1) (1 — )z

GnNES
— 2/ In (s un) (Up — vo)dx
GeNE,
< Oy + 2/ gn (., up)vodx + 2/ n (- un)vodx
GnNES GeNE,

< Co+ 4/ || o Voldz = Cs,
Q
(19)

where b = sup(|®|, |vg|).
In order to prove
In(esun) — g(,u) in Ll(Q)’ (20)

let us observe that, for any ¢ > 0,

|gn (@, un (@) < sup - {g( E)] 4 6lgn (@, un () (un () — vo(2))],
[t]<6~ 1 +]vo|| oo

and there fore, fore any measurable set F in ) we have

/E ‘gn(., Un)|d$ < /E' ‘h%+‘|v0“L°°| + (503

By Vitali’s theorem, we obtain (20)).
Furthermore by we have

/gn(.,un)undx < Cy —i—/gn(.,un)vgdaz.
Q Q
By Fatou’s lemma and ([20)), we get

0< / g(, u)udr < Co +/g(.,u)v0dx.
Q 9)

Thus
g(.,u)u € LH(Q).
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Second part : Passing to the limit in
Let

Hn = Suy, — f + gn('aun)'

From it is clear that p, € MT(Q). Since S maps bounded sets of Wol’p(x)(Q,w) in to

bounded sets of Wo_l’p/(x)(ﬂ,w*), then we can assume for the same sequence that
Su, — x weakly in Wo_l’p/(x)(Q,w*),
which implies that
ftn — p in D'(),

where
p=x—f+g( ).
We putn=u—®, h=—g(.,u) and T = pu+ h.

The assumptions of theorema are satisfied since T =x — f € Wo_l’p/(m)(ﬂ,w*) and h € L*(Q).

Thus
u—®c L' (Q;dp),

<X—f,u—<1)>:/Q(u—q))du—/ﬂg(.,u)(u—q))dx.

Using v = ® as test function in ) we get
< SUp,p > < < Sup,®>—< f,&—u, > +/ In (s un) (P — uy),
Q
which gives passing to the limit and then using

limsup, < Sunp,uy, > < <X,<P>—<f,§>—u>+/g(.,u)(<1>—u)da:,
Q

< <xyu>  + /ﬂ((l)—u)du < < x,u>;
since, by theoren{d and remark[3 we have
(®—u) <0 pae in Q.
Using ) and since S is a pseudo - monotone operator, we obtain
x=5Su and < Sup,u, >—< Su,u > .

It is now easy to pass to the limit in for any fized v € Ko N L (Q).

4 Conclusion

(21)

In this work, we have stated and proved some properties of the capacity in the setting of the
weighted variable exponent Sobolev spaces. As an application, we generalized the theorem of
H Brezis and F.E. Browder in the setting of the weighted variable exponent Sobolev space, and

we applied these results in the study of a unilateral problem.
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